Abstract. Let A and B be two unital C * -algebras and let for C ∈ A, Γ C = {γ ∈ C : C − γI = inf α∈C C − αI }. We prove that if Φ : A −→ B is a unital positive linear map, then
introduction
Grüss [8] showed that if f and g are integrable real functions on [a, b] and there exist real constants α, β, γ, Γ such that α ≤ f (x) ≤ β and γ ≤ g(x) ≤ Γ for all x ∈ [a, b], then
This inequality was studied and extended by a number of mathematicians for different contents, such as inner product spaces, quadrature formulae, finite Fourier transforms and linear functionals. For further information we refer interested reader to [12, 16] and references therein. Bhatia and Davis [2] showed that if Φ is any positive unital linear map between C * -algebras and m ≤ A ≤ M is any self-adjoint operator, then
This provides a reverse to the Kadison inequality Φ(A) 2 ≤ Φ(A 2 ); cf. [10] . The authors of [5] for every operator A. The inequality (1.1) turns out to be useful in deriving various lower bounds for the spread by Bhatia and Sharma [3, 4] . The work is then extended by Sharma and Kumari [18] to discuss the perturbation bounds for matrices. Moreover, the second author and Rajić [14] for any unital n-positive linear map Φ (n ≥ 3) and any operators A, B in a C * -algebra. Matharu and the second author [12] gave several variants of inequality (1.2) for unital completely positive linear maps and unitary invariant norms. Renaud [17] showed that tr(T AB) − tr(T A)tr(T B) ≤ krs, (1.3) for 1 ≤ k ≤ 4, where A, B are square matrices, whose numerical ranges lie in the circular discs of radii r and s, respectively, and T is a positive matrix of trace one. The Grüss inequality was generalized in the setting of inner product spaces by Dragomir [7] , and in the framework of inner product modules over H * -algebras and C * -algebras by Ilišević et al. [1, 9] . In this paper, we study some Grüss type inequalities. In section 3, we obtain two refined bounds for left sides of (1.1) and (1.2). We then give some applications of these inequalities to finite traces on noncommutative probability spaces. At the end of this section, we present some inequalities under certain mild condition. In section 4, we generalize some Grüss type inequalities for Hilbert C * -modules, as well as adjointable operators on these spaces.
Preliminaries
Let B(H) denote the C * -algebra of all bounded linear operators on a complex Hilbert space (H, ·, · ). Throughout the paper, a capital letter means an operator in B(H). An operator A is called positive if Ax, x ≥ 0 for all x ∈ H, and we then write A ≥ 0. An operator A is said to be strictly positive (denoted by A > 0) if it is a positive invertible operator. The unit of B(H) is denoted by I. According to the Gelfand-Naimark-Segal theorem, every C * -algebra can be regarded as a C * -subalgebra of B(H) for some Hilbert space H. A von Neumann algebra is a strongly operator closed * -subalgebra of B(H), which contains I. In this paper, we use A, B, · · · to denote C * -algebras and von Neumann algebras and A + to denote the set of all positive elements of A. An operator A is called accretive if Re(A) ≥ 0, where Re(A) = (A + A * )/2. A linear map Φ : A −→ B between C * -algebras is said to be * -linear if Φ(A * ) = Φ(A) * . It is positive if Φ(A) ≥ 0, whenever A ≥ 0. We say that Φ is unital if A, B are unital C * -algebras and Φ preserves the identity. A linear map Φ is called n-
is positive, where M n (A) stands for the C * -algebra of n × n matrices with entries in A. A map Φ is said to be completely positive if it is n-positive for every n ∈ N. It is known that every positive functional is completely positive. Moreover, the following Cauchy-Schwarz inequality holds; cf. [15, Section 3.3] : The notion of Hilbert C * -module is a natural generalization of that of Hilbert space arising by replacing the field of scalars C by a C * -algebra. Recall that if (X , ·, · ) is Hilbert C * -module over a C * -algebra A, then for every x ∈ X the norm on X is given by x = x, x 1 2 and the "absolute-value norm" is defined by |x| = x, x 1 2 as a positive element of A. A map T : X −→ X is called adjointable if there is a map T * : X −→ X such that T x, y = x, T * y for all x, y ∈ X . The set of all adjointable maps T : X −→ X is denoted by L(X ), which is a unital C * -algebra. For x, y ∈ X , the rank one operator x ⊗ y : X −→ X is defined by (x ⊗ y)(z) = x y, z . An element h ∈ X is called a lifted projection if |h| is a projection in A. According to [9] , h is a lifted projection in X if and only if h is non zero and h|h| = h. Clearly h ⊗ h is a projection in L(X ). For each element A ∈ A, we define R A : X −→ X by R A x = xA. It is easy to check that R A ∈ L(X ) if and only if A ∈ Z(A), where Z(A) is the center of A. The Cauchy-Schwarz inequality for x, y ∈ X asserts that (see [11] )
x, y y, x ≤ y, y x, x .
inequalities for positive linear maps
In this section, we refine and generalize some inequalities for positive linear maps. Moreover, we give some Grüss type inequalities for traces on noncommutative probability spaces. We start our work with the following lemma. 
for all A ∈ A and α ∈ C.
Proof. Since Φ is a unital * -linear map, we have
for all α ∈ C and for all A ∈ A.
Let A be an element of a unital C * -algebra. It is mentioned in ( [19, Theorem 4] ) that there is a scalar γ ∈ C such that
Indeed, let Σ = { A − αI : α ∈ C} and Ω = { A − βI : |β| ≤ 3 A }. We see that inf Σ = inf Ω. In fact, for every α ∈ C there is an element β with |β| ≤ 3 A such that A − αI ≥ A − βI . If |α| > 3 A , then by choosing β = A , we have
for every α ∈ C. Hence
Now we give an example to show that inequality (3.2) is really finer than inequality (1.1). 
Therefore, we see that
This example shows that even if α is not in Γ A , inequality (3.2) can give a finer bound than that in inequality (1.1).
Now we want to give a Grüss type inequality for n-positive linear maps. To achieve it we need two lemmas. The next lemma is known [13, Theorem 1] . We prove it since we need some portion of the proof later. 
Proof. First we have
It follows from 3-positivity of Φ that
Hence, by applying Lemma 3.3, we assert that
In other words,
The following theorem is a refinement of inequality (1.2).
Theorem 3.5. Let A and B be two unital C * -algebras. If Φ : A −→ B is a unital n-positive linear map for some n ≥ 3, then
for every A, B ∈ A and α, β ∈ C. In particular,
Proof. Without loss of generality we can assume that Φ(A * A) − Φ(A) * Φ(A) > 0. According to Lemma 3.3 and Lemma 3.4, we may state that
Hence, we infer
Now, by using Lemma 3.1 and taking square root, we get
for all α, β ∈ C. Replacing A with A * in the latter inequality we obtain (3.4). Next, by using the fact that Γ A * = Γ A and applying inequality (3.2) we can get (3.5).
The following example shows that we can't replace the condition n ≥ 3 in inequality (3.4) of Theorem 3.5 by n ≥ 1 or n ≥ 2. 
for every A, T, S in a C * -algebra. So operator C S,T (A) is accretive if and only if
For simplicity, C αI,βI (A) is denoted by C α,β (A), for α, β ∈ C.
Next we prove a lemma to give a Grüss type inequality for some classes of accretive operators. 
Proof. According to Lemma 3.1 we have
Hence, by using inequality (3.6), we can write
The last inequality follows from the accretivity of Φ C α,β (A) .
Next, we use Lemma 3.7 and Theorem 3.5 to give the following Grüss type inequality.
Corollary 3.8. Suppose that A, B ∈ A and Φ : A −→ B is a unital n-positive linear map for some n ≥ 3. Let α, β, γ, Γ ∈ C and Φ C α,β (A * ) , Φ C γ,Γ (B) be accretive operators. Then
Here, we extend our work to give some Grüss type inequalities for the trace on a noncommutative probability space. In particular, the following inequalities are generalizations of inequality (1.3).
Theorem 3.9. Let (A, τ ) be a noncommutative probability space and T ∈ A be a density operator (positive and τ (T ) = 1). Then the following inequalities hold:
for every A, B ∈ A and α, β ∈ C. In particular, by choosing α ∈ Γ A and β ∈ Γ B , (3) can be sharpened.
Proof. We define the map ϕ : A −→ C by ϕ(A) = τ (T A). It is clear that ϕ is a unital positive linear functional. So, by using Lemma 3.1, we have
for every A ∈ A and α ∈ C. Hence, by using the Cauchy-Schwarz inequality and applying the fact that for all C ∈ A, C p = C * p (p ≥ 1), we get
for every α ∈ C. Similarly
for every β ∈ C. Now we define the map (·, ·) τ :
. It is easy to check that (·, ·) is a usual semi-inner product on A. Using the Cauchy-Schwarz inequality and inequalities (3.9) and (3.10), we have
for every A, B ∈ A and α, β ∈ C. This proves the first inequality. Note that in the right side of inequality (3.7) (and similarly for inequality (3.10)) we can write |A * −ᾱI|T |A * −ᾱI| ≤ |A * −ᾱI| T |A * −ᾱI|. Hence τ (T |A * −ᾱI| 2 ) ≤ A − αI 2 2 T . Using this fact and applying the Cauchy-Schwarz inequality to (·, ·) τ , we can get the second inequality. Finally, we have T
. Applying this inequality to the right side of (3.7) (and similarly for (3.10)) and using the Cauchy-Schwarz inequality we obtain the third inequality.
Corollary 3.10. Let the assumptions of Theorem 3.9 be held. Then
(
Proof. It is sufficient to apply Theorem 3.9 and to note the fact that C p ≤ C q , whenever C ∈ A and 1 ≤ p ≤ q. Now we give an example to show that the right sides of inequalities (1) and (2) in Theorem 3.9 are not comparable. Therefore,
So, none of inequalities (1) and (2) can imply the other.
Let α, β ∈ C and τ C α,β (A) be accretive. According to (3.6), this condition is equivalent to
Clearly, this condition is weaker than accretivity of C α,β (A). Moreover, the ac-
, where Arg(z) is the argument of the complex number z. If 0 ≤ A ≤ B, then it is easy to check that τ (A 2 n ) ≤ τ (B 2 n ) for every n ∈ R. Indeed,
Hence, by using this fact and applying inequality (3.11), we get
Next corollary gives a Grüss type inequality for some accretive operators for the trace on a noncommutative probability space.
Corollary 3.12. Let (A, τ ) be a noncommutative probability space and T ∈ A be a density operator. Let α, β, ζ, ξ ∈ C and
Proof. Using inequalities (3.9) and (3.12), we get
Similarly, we can write
Therefore, by using the Cauchy-Schwarz inequality for (·, ·) τ (defined in Theorem 3.9), we conclude that
We can replace the unital condition for a positive linear map Φ in Theorem 3.5 by another mild condition. To achieve our result, first we give the following lemma. 
Proof. Since Φ(I) > 0, the map Ψ : A −→ B given by Ψ(A) = Φ(I)
is a unital positive linear map. Employing Lemma 3.1 we infer that
for all α ∈ C. Therefore, we can write
Next, we give another version of Theorem 3.5 by weakening the unital condition.
Proposition 3.14. Let A and B be unital C * -algebras. If Φ : A −→ B is a n-positive linear map for some n ≥ 3 such that Φ(I) is invertible, then
(3.14)
for every A, B ∈ A and α, β ∈ C.
Proof. From inequality (3.3) and the 3-positivity of Φ, we deduce that 
Hence, the positivity of the latter matrix ensures that
Using Lemma 3.13 and applying a similar argument as in the proof of Theorem 3.5, we get
Grüss type inequalities in Hilbert C * -modules
In this section, we give some Grüss type inequalities in the setting of Hilbert C * -modules. There is a standard way for making a Hilbert C * -module from a semi-inner product module, so we may work in the realm of Hilbert C * -modules; see [11, page 3-4] . The range of an operator T is denoted by ran(T ). Let T ∈ L(X ) be a positive operator. For x, y ∈ X we define
It is easy to verify that [x, y] T is an A-valued semi-inner product on X . This means that [x, x] T = 0 ⇒ x = 0 does not hold in general.
In particular, if Re x − u, v − x ≥ 0, then
Proof. First we show that
Due to u + v 2 ∈ ran(K), we have
Using the equality Re
, we can write
Our main result of this section reads as follows. 
As a corollary, we have the following Grüss type inequality in framework of Hilbert C * -modules (see [1, Proof. First note that |h(B−A)| 2 ≤ |B−A| 2 . Moreover, for every lifted projection h, {hA, hB} ⊆ ran(h ⊗ h). Employing Lemma 4.1 for x = T h, u = hA, v = hB and K = h ⊗ h we get the result. 
